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We have studied a leptogenesis scenario in the framework of the minimal seesaw model with 
tri/bi-maximal mixing. Usually, at least one of the elements in the Dirac mass matrix is fixed to 
be zero, for example, we denote it by 62 = 0. We have pointed out that the absolute value of the 
CP asymmetry has several minimums and maximums with non-zero 62- Thus one can expect that 
more rich phenomena, such as an enhanced leptogenesis, are hidden in the 62 7^ space. 



PACS numbers: 98.80.Cq, 14.60.Pq 
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I. INTRODUCTION 

The recent neutrino oscillation experiments have pro- 
vided us with robust evidence that neutrinos have tiny 
masses and their flavor mixing involves two large an- 
gles and one small angle A global analysis of cur- 
rent neutrino oscillation data yields 7.2 x 10~ 5 eV 2 < 
Am 2 < 8-9 x lCT 5 eV 2 and 1.7 x 10~ 3 eV 2 < Am 2 < 
3.3 x 10~ 3 cV 2 for the squared mass differences of so- 
lar and atmospheric neutrinos and 30° < 6* 12 < 38°, 
36° < 023 < 54° and 0° < 8 13 < 10° for the flavor 
mixing angles at the 99% confidence level (the best-fit 
values are Am 2 = 8.0 x lCT 5 eV 2 , Am 2 = 2.5 x lCT 3 eV 2 , 
34°, 823 = 45° and 9 13 = 0°)@]. Where we define 



»12 = 

Am 2 



- m 2 and Am 2 



mi 



m 2 I with the neutrino 



mass eigenvalues mi, 777,2 and 7773. 

There are two important questions: (1) why are the 
two neutrino mixing angles large, almost maximal, and 
is the one angle small? and (2) why are the neutrino 
masses so tiny? Tri/bi-maximal mixing is the one of the 
lepton mixing ansatz to answer the first question, which 
is characterized by the following mixing matrix 3] 




U= 1 1 1 



(1) 



The texture of this matrix consists of sin $23 = 1/V2, 
sin 812 = 1/V3 and sin #13 = 0. Thus, the tri/bi-maximal 
mixing matrix could approximately describe the best fit 
values of the current neutrino oscillation data: 823 = 45°, 
8\2 = 34° and #13 = 0°. Recently, many theoretical 
efforts have been made to produce the tri/bi-maximal 
mixing pattern arising from some relevant symmetries 

On the other hand, an attractive idea to answer the 
second question is given by the seesaw mechanism Q 
which explains the smallness of the neutrino masses 
through the existence of right-handed Majorana neutri- 
nos. Among many realistic seesaw models existing in the 



literature, the minimal seesaw model contains only two 
right-handed Majorana neutrinos, thus it is the most eco- 
nomical one [6[. Also, the seesaw mechanism provides a 
very natural explanation of the baryon asymmetry in the 
Universe through the baryogenesis via leptogenesis sce- 
narios [7] ■ The baryon asymmetry has been measured by 
the Wilkinson Microwave Anisotropy Probe (WMAP) as 
a baryon-photon ratio ?] B = (6.ll°i) x 10 ~ 10 B • 

The leptogenesis scenarios in the minimal seesaw 
model have been studied by many groups @. However, 
as mentioned below, if we try to analytically solve the 
Dirac neutrino mass matrix 77773 in terms of the observed 
element of the light neutrino mass matrix, it is sometime 
assumed that at least one of the elements in 77773 should 
be fixed to a constant or we should assume an equality 
between two or more entries in the matrix 777 73 . For exam- 
ple, some groups have estimated the baryon asymmetry 
with the following Dirac mass matrix 



A 1 Bi 
A3 B3 




(2) 
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which is so-called texture one-zero mass matrix. How- 
ever, it is a natural question, what happen if the B2 
element deviates from zero? This is our question in this 
paper. 

II. MINIMAL SEESAW MODEL 

We show the brief review of the minimal seesaw model. 
The minimal seesaw Lagrangian can be written as 

L = -l L M L l R - V L m D N R + -WrMrNr + h.c, (3) 

where v L = (y e ,v ll ,v T ) 1 ', £ L = (e,/i, r) T and Nr = 
(Ni,N2) T denote the left-handed (light) neutrinos, 
the left-handed charged leptons and the right-handed 
(heavy) neutrinos, respectively. We have assumed 
that the mass matrices of both the heavy neutrinos 
Mr = diag.(Mi,M 2 ) and the charged lepton Mi = 
diag.(m e , m M , m T ) are diagonal and real. The Dirac neu- 
trino mass matrix 77773 is a 3 x 2 rectangular matrix, which 



2 



can 

;io] 



be written by 6 parameters (01,02,03,61,62,63) as 



m D = 




(4) 



Via the well-known seesaw mechanism, we can obtain 
the symmetric 3x3 Majorana mass matrix for light neu- 
trinos as M„ — -muM^m^ and which yields the fol- 
lowing equation 



M 



11 



M„ = 



M12 M13 

M 22 M 23 
M 33 

bf aia 2 + 6162 aia 3 

a 2 + b\ a 2 a 3 



■ 6163 

■ &2&3 



(5) 



This equation contains 6 parameters, however, we have 
only 5 independent condition, the sixth condition is re- 
dundant because of det(M„) = @. Therefore, if we 
choose one of the elements in the Dirac mass matrix 
(01,02,03,61,62,63) as a constant term, we can analyti- 
cally solve 5 parameters out of 6 of mjj in terms of the 
element of the light neutrino mass matrix. For M\\ 7^ 0, 
the solution in terms of ai or 61 is 



01 



M11 — b\, or 61 



Mn 



a 2 



AI 



11 



aiMi2 — a 2 bi\ M11M22 



M 2 2 



Mu 



Mn 



63 = 



Mu 



'MnMsa 


" Ml, 


M11M22 





61M13 + 0-301 JM u M 3 3 - M? 3 



M 



2:: 



Mi, 



[M12M; 



13 



+ a 2 as \ (Mi 1 M 22 - M f a ) (Mi 1 M 33 - M 



(6) 



where cr 2 ,3 = ±1 and sgn(ai) = +1 [lfj, The last 
equation is a consistency condition due to det(M„) = 
and we can use it to fix the sign of 0203 . The solution in 
terms of 02 or 62 is obtained under the exchanges ai «-> 
02, 61 <-> 6 2 , Mn «-» M 2 2, M13 «-» M23, <7i «-> (72, for 
M22 ^ and sgn(a2) = +1 with ai <3 = ±1. Similarly, 
under the transformations ai <-> 03, 61 <-* 63, Mn <-> 
M33, Mi 2 <-* M23, ai <-» (T3 with 02,i = ±1, we obtain the 
solutions in terms of 03 or 63 for M33 ^ and sgn(as) = 
+1. 

The light neutrino mass matrix M v is also calculated to 
be M v = U*M dia %W where M dia « = diag.(mi, m 2 , m 3 ) 
is the diagonal neutrino mass matrix and U is the Maki- 
Nakagawa-Sakata mixing matrix which can be parame- 
terized by 



C12C13 S12C13 s 13 e' tS \ f e 1 ^' 2 ' 

U = ( -S12C23 - ci2S23Si3e 4<5 C12C23 - si2S23Si3e 115 S23C13 e lc<2/2 1 , (7) 

S12S23 - Ci 2 C23Sl3e I<5 -C12S23 - Si 2 C 23 Si 3 e tS C23C13 / \ 1 



where Cjj = cos8ij and Sy = sin^- = 1,2,3). There 
are two types of the leptonic CP violation phases: one 
is the Dirac phase 5 and the other are the two Majo- 
rana phases a±,a 2 if neutrinos are Majorana particle 
[l2| . Now, we can reconstruct the Dirac mass matrix ele- 
ments (ai , 02, 03, 61, 62, 63) in term of the low energy neu- 
trino observables mi, m 2 , 7713, #12, #23, 6*13 and CP violat- 
ing phases S, ati, a 2 with heavy neutrino masses Mi, M2. 

Moreover, in the framework of the minimal seesaw 
model, det(M„) = condition holds if one of the 
neutrino mass eigenvalue (mi,m 2 ,m 3 ) is exactly zero 
Q. As a result, the experimental results of the square 
mass differences can be explained by the two types 
of mass hierarchies. One is called normal mass hi- 



erarchy: (TOi,m 2 ,m 3 ) = ^0, y/ Am 2 , \J Am 2 + Am 2 . J , 
and the other is called the inverted mass hierarchy: 
(mi, 7712,7713) = i\J Am 2 - Am 2 , y/~Am%, OJ. 



III. LEPTOGENESIS 

We give an outline of the leptogenesis. The baryon- 
photon ratio t\b can be translated into the baryon asym- 
metry Yb = (us — Ttg)/s as Vb — 7.04Yb, and in lep- 
togenesis scenario, this baryon asymmetry produced via 
the sphaleron process is related to the lepton asymmetry 



3 



Yr, m 



8N + 4m 
B 147V + 9m L ' 



(8) 



where N is the number of generation of fermions and m 
is the number of Higgs doublets. In the particle contents 
of the standard model, N = 3 and m = 1 thus Yb — 
-0.549V L . 

The lepton asymmetry Yl is parameterized by three 
term, the dilution factor d, the CP-asymmetry param- 
eter e and the effective number of relativistic degree of 
freedom g» 



Yr 



a* 



(9) 



where, for instance, we have g* ~ 106.75 in the standard 
model. The dilution factor d describes the wash-out of 
the lepton asymmetry due to the various lepton number 
violating processes. We should solve the full Boltzmann 
equations to determine the magnitude of the dilution fac- 
tor exactly; however, we can use good analytical approx- 
imation by Nielsen and Takanishi in Ref. |l4| 



1 



for < K < 10 and 



2.0y/F 2 



0.3 



for 10 < K < 10 6 , where 

M p i (m D .m D )n 



(10) 



(11) 



K = 



1.66^(87rw 2 ) Mi 



1 



10-W 



(I 



0,1 



I«2| 2 + |a3l 2 ) 



(12) 



with the Planck mass M pi ~ 1.22 x 10 19 GeV and the 
vacuum expectation value of the Higgs particle v ~ 174 
GeV. 

The CP asymmetry e have generated by the decay pro- 
cesses of the heavy Majorana neutrino: 



E«=£ 



r(v, -» M) - r(v, 



IE* 



T(Ni -> IB) + T(Ni 



IH* 



; (13) 



where H denotes the Higgs doublet in the standard 
model. 

Now, we assume a hierarchical mass pattern of the 
heavy neutrinos M\ M2. In this case, the interactions 
of iVi can be in thermal equilibrium when N2 decays 
and the asymmetry caused by the N2 decay is washed 
out by the lepton number violating processes with N\. 
Thus, only the decays of Ni are relevant for generation 
of the final lepton asymmetry e ~ ex. In this case, the 



CP asymmetry parameter in the minimal seesaw model 
calculated to be [9j: 



1 



Im 



(rrV D m D ) 



8ttv 



f 



M 7 



m , D m D )i 1 \M\ 
M 2 Im [K&i + a* 2 b 2 + alb 3 ) 2 ] 



8ttv 2 



a 2 



03 



/ 



M2 

Mi 



where the function f(x) is given by 

'1 + x 2 



f(x) = X 



1 - (l + af)ln 



1-x 2 



(14) 



(15) 



IV. b 2 DEPENDENCE TO t) B 

As we have already addressed, the leptogenesis scenar- 
ios in the minimal seesaw model has been studied many 
groups in the case that at least one of the elements in the 
Dirac neutrino mass matrix are fixed to zero, such as the 
62 = case: 



m D = 




(16) 



Then, from Eq. ([5]) , the low energy neutrino mass matrix 
M v can be written by five parameters (01,02,03,61,63) 
as 



a\ + b\ aio 2 aia 3 + &i6 3 



0203 
il + bl 



(17) 



and we can analytically explain these five parameters in 
terms of the five independent elements in the low energy 
neutrino mass matrix. 

However, to solve the Dirac mass matrix we can take 
not only 62 = but also 62 = X where X is an any 
constant. 



m D 



r M[a 2 \fM~ 2 X 
r M[a-i y/M^b 3 



(18) 



There are six non-vanishing entries but there are only 
five independent parameters. Then, the low energy neu- 
trino mass matrix can be written by five parameters 
(01,02,03,61,63) as 



6f oia 2 + 6iV aia 3 + 6i6 3 
■Xba 



X 2 



02&3 

On 



(19) 



This is same situation of 62 = case and we can ana- 
lytically obtain these five parameters in terms of the five 
independent elements in M v again. Thus, 62 = is just 



4 



special case of the b 2 = A, e.g, both b 2 = case and 
6 2 7^ case such as b 2 = 1, 2, 3, • • • are in same ground 
for reconstruction of the Dirac mass matrix elements in 
term of the low energy observables. 

In this section, we ask the question, what happen if the 
&2 element deviate from zero? To answer this question, 
we estimate the 62 dependence to the baryon-photon ra- 
tio rjB by numerical calculations. 

First, we choose the 62 range. The solution of the 
elements in the Dirac mass matrix in the term of b 2 
is obtained as a 2 — \J M 22 — b\ etc. Thus, we take 
b 2 = TyJ M22 with a parameter r and use the following 
parameterization: 



"2 
"1 

h 

h 

M13 



^M 22 -b 2 , b 2 = r^M~ 2 



1 



M 22 
1 

M22 
1 

M22 
1 

M22 
1 

Mm 



a 2 M 12 - a 1 b 2 dM 2 2M 11 - M( 2 



a 2 M 23 - a 3 b 2 JM 22 M 33 - M 2 3 



b 2 M 12 + axa 2 JM 22 M n - M 2 2 



b 2 M 23 + cr 3 a 2 \/ M 22 M 33 - Mf 3 
[M 12 M 23 



(7K7 3 J(M 22 Mn - M( 2 ){M 22 M 33 - M 2 3 ) 



(20) 



The parameter r is to be varied in the range of < r < 1, 
where r — means the b 2 = case while r = 1 means 
the a 2 = case. 

For mixing angles, we assume the tri/bi-maximal mix- 
ing pattern, e.g., sin #23 = l/\/2, sin #12 = 1/V3 and 
sin #13 = to be consistent with the observed proper- 
ties of neutrinos. Thus, in our analysis, the Dirac CP 
phase 5 will not be active. Also, we assume the light 
neutrinos have the normal hierarchical mass pattern with 
Am;? = 7.0 x 10~ 5 eV 2 and Am 2 = 2.5 x 10~ 3 eV 2 . In 
this case, only one Majorana phase a 2 in Eq. ([7]) is phys- 
ically relevant. Finally, we assume the magnitude of the 
heaver neutrino mass M 2 = lOMi and use <?* = 106.75. 

We show the numerical result in the figures. The main 
result in this study is shown in Fig. [5] and Fig. Other 
figures are shown to explain the behavior of the main 
result or to check the consistency of our analysis. 

Fig.fflshows the Mi dependence to the baryon-photon 
ratio rjB in the case of r = 0, or equivalently b 2 = 0. 
This r = case was first estimated by Chang, Kang and 
Siyeon in Ref. [io| . Our result is consistent with the 
Chang's solution and we have also confirmed that the 
baryon-photon ratio t\b increases with the mass of heavy 
neutrino M\. This M\ dependence to the baryon-photon 
ratio t]b can be understand by the following fact. The 
function f(x) ~ — 3/(2x) for large value of x = M 2 /M\, 



thus the CP asymmetry parameter e becomes 
3 



r M l£ ~, 



16irv 2 

Im [(a^bi + a 2 b 2 + ag6 3 ) 2 



«2 



03 



(21) 



Since e is independent of Mi , e is nearly proportional to 
the mass of heavy neutrino e tx Mi . 

Fig. [2] shows the CP asymmetry e as a function of r 
with Mi = 10 12 GeV and a 2 = 90°. The horizontal line 
shows e = 0. Note that in the small and large r region 
the CP asymmetry e becomes negative. Thus, the abso- 
lute value of the CP asymmetry has several minimums 
and maximums as shown in Fig. [3] According to the 
relation of t)b oc Yl oc d\e\, if the dilution factor d in- 
creases or decreases simply with r, we can expect that 
the baryon-photon ration rjB also has several minimums 
and maximums. 

Indeed, the dilution factor d decreases with r as shown 
in Fig. |4j The discontinuity at r ~ 0.26 arises as long 
as we use the Nielsen's approximations in Eq. (TlTj) to 
estimate the dilution factor d. Also, it has been pointed 
out that in some cases the Nielsen's approximations could 
underestimate the suppression in the baryon asymmetry 
due to the washout effects [l5j]. However, the Nielsen's 
approximations is quite simple, so that we adopt their 
approximations to simplify our analysis. 

As mentioned above, shown in Fig. O is the first main 
result in this paper. In this figure, we plot the baryon- 
photon ratio rjB as a function r with Ml = 10 12 GeV 
and «2 = 90°. The reasons of all the behavior of 
the curve are theoretically understood now. The min- 
imums/maximums and the discontinuity at r ~ 0.26 in 
this figure is caused by the minimums/maximums of the 
CP asymmetry in Fig. [3] and by the discontinuity of the 
dilution factor in Fig. [H respectively. From the figure, 
we see the baryon asymmetry significantly varies with 
r, equivalently with 62, e.g., the baryon asymmetry can 
be enhanced or suppressed at the particular points of r. 
It suggests that we can expect the presence of more rich 
phenomena, such as an enhanced leptogenesis [l6j , in the 
62 ^ case. 

To check the consistency of our numerical result, we 
have obtained the approximate formula of the CP asym- 
metry parameter in Eq. (|2ip up to the first order of r as 
follows 



1 lm[A 2 } + 2rClm[A] 



where 



|M 2 

A 
B 
C 

Y = 



B - 2rRe[A] 



(22) 



a±M* 2 Y + a 3 Mi 3 Z, 

|M 12 | 2 + |M22| 2 + |M2 3 | 

B-\Y\ 2 -\Z\ 2 , 



M22M11 



M? 2 , 



M 22 M- 



33 



M 2 23 . 



(23) 
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Fig. [6] shows that the full numerical result is well ex- 
plained by the approximate formula for small r without 
the pole at r ~ 0.16. It enhances the validity of our 
numerical result. 

Up to now, we have fixed the value of the Majorana 
phase «2 to 90°. Finally we relax this fixing, however 
we still assume Mi = 10 12 GeV. Shown in Fig. [7] is the 
second main result in this paper. In this figure, we show 
the baryon-photon ratio tjb as a function of the Majorana 
phase «2 with various value of r. Recall that the Majo- 
rana phase «2 is the only leptonic CP violation source 
in our analysis and the baryon-photon ratio t]b can be 
translated into the leptonic CP asymmetry. Thus, it 
is a natural consequence that the baryon-photon ratio 
tends to vanish if the Majorana phase 012 goes to zero. 
Also, Fig.[7]shows that the maximal Majorana CP phase 
Q2 = 90° is the one of the ingredients which is neces- 
sary to generate the maximal baryon asymmetry in the 
Universe. 



framework of the minimal seesaw model with tri/bi- 
maximal mixing. Usually, at least one of the elements 
in the Dirac mass matrix mo is fixed to be zero in order 
to reconstruct all elements in the mo analytically. For 
example, hi element is fixed to zero. In this paper, we 
have taken non-zero 62- From numerical analysis, we have 
pointed out that the absolute value of the CP asymmetry 
e has several minimums and maximums in the range of 
< &2 < \JMi2- Thus the baryon asymmetry r/s oc e 
significantly varies with 6 2 &ud one can naturally expect 
that more rich phenomena, such as an enhanced leptoge- 
nesis, are hidden in the 62 ^ case. 



V. SUMMARY 
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FIG. 1: Baryon-photon ratio r\B as a function of the Majorana 
phase «2 in the r = (&2 = 0) case with various values of Mi . 
The imposed horizontal lines show the upper and lower bound 
of rjB from the WMAP observation. 



7 



t 1 1 1 1 1 r 




I i i i i i i i i i I 

0.0 0.2 0.4 0.6 0.8 1.0 



r 



FIG. 2: CP asymmetry parameter e as a function of r. 
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FIG. 3: Absolute value of the CP asymmetry e. 
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FIG. 4: Dilution factor d as a function of r. The parameter 
K is shown in Eq. (fl2)) . 
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FIG. 5: Baryon-photon ratio r]B as a function of r. 
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FIG. 6: Approximation for small r. 
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FIG. 7: Baryon-photon ratio r\ B as a function of the Majorana 
phase «2 with various values of r. 



